Given a graph G, its energy E G is defined as the sum of the absolute values of the eigenvalues of G. The concept of the energy of a graph was introduced in the subject of chemistry by I. Gutman, due to its relevance to the total π-electron energy of certain molecules. In this paper, we show that if G is a graph on n vertices, then E G ≤ n 2 1 + √ n must hold, and we give an infinite family of graphs for which this bound is sharp.
by that graph (see [7] , for example). In [6, 11] hyperenergetic graphs, that is, graphs G on n vertices for which E G > E K n = 2n − 2 holds, were considered. In particular, constructions were given that yield hyperenergetic graphs for each n ≥ 9. However, even though energy theory for graphs is well developed-see [6] for an overview-relatively little is known concerning properties of graphs with maximal energy. Here we prove that if G is a graph on n vertices, then E G ≤ n 2 1 + √ n must hold, and that this bound is sharp if and only if G is strongly regular with parameters given by certain functions of n. This enables us to find an infinite family of maximal energy graphs. We begin by recalling that a k-regular graph G on n vertices is called strongly regular with parameters n k λ µ if the following conditions hold. Each pair of adjacent vertices has the same number λ ≥ 0 of common neighbors, and each pair of non-adjacent vertices has the same number µ ≥ 0 of common neighbors. If µ = 0, then G is a disjoint union of complete graphs, whereas, if µ ≥ 1 and G is non-complete, then the eigenvalues of G are k (the trivial eigenvalue) and the roots r s of the quadratic equation
The eigenvalue k has multiplicity one, whereas the multiplicities m r of r and m s of s can be calculated by solving the simultaneous equations m r + m s = n − 1 k+ m r r + m s s = 0 (for more details see [2, 3] ).
Theorem 1. If 2m ≥ n and G is a graph on n vertices with m edges, then the inequality Proof. Suppose that η 1 ≥ η 2 ≥ ≥ η n are the eigenvalues of G (which are real as the adjacency matrix of G is symmetric). Then, as is well known, we have η 1 ≥ 2m n (see [4] , for example). Moreover, since
must hold (for example, see [2] ), we have
Using this together with the Cauchy-Schwartz inequality, applied to the vectors η 2 η n and 1 1 1 with n − 1 entries, we obtain the inequality
Thus, we must have
Now, since the function F x = x + n − 1 2m − x 2 decreases on the interval 2m/n < x ≤ √ 2m, in view of 2m ≥ n, we see that 2m/n ≤ 2m/n ≤ η 1 must hold, and hence F η 1 ≤ F 2m/n must hold as well. From this fact, and Inequality (3), it immediately follows that Inequality (2) holds.
We now consider what happens when equality holds in (2) . As the eigenvalues for n 2 K 2 are ±1 (both with multiplicity n 2 ), and the eigenvalues of K n are n − 1 (multiplicity 1) and −1 (multiplicity n − 1), it is easy to check that if G is one of the graphs given in the second part of the theorem, then equality must hold in (2) .
Conversely, if equality holds in (2), then by the previous discussion on the function F x we see that η 1 = 2m/n must hold. It follows that G is regular with valence 2m/n [4] . Now, since equality must also hold in the CauchySchwartz inequality given above, we have η i = 2m − 2m/n 2 / n − 1 , for 2 ≤ i ≤ n. Hence, we are reduced to three possibilities: either G has two eigenvalues with equal absolute values, in which case G must equal n/2 K 2 , or G has two eigenvalues with distinct absolute values, in which case G must equal K n , or G has three eigenvalues with distinct absolute values equal to 2m/n or 2m − 2m/n 2 / n − 1 , in which case G must be a non-complete connected strongly regular graph (see [4] ), as required. 2) . An infinite family of such strongly regular graphs is provided as follows: Generalized quadrangles with order t + 2 t exist for infinitely many t ≥ 1 [1, 9] . Moreover, the point graph of a generalized quadrangle with order t + 2 t is strongly regular with parameters t + 3 t + 1 2 t + 1 t + 2 t + 1 t + 1 see [3, 1.15.1 Lemma].
Remark
In [8] McCelland proved that if G is a graph with n vertices and m edges, then the following bound must hold
If 2m ≥ n, then using the Cauchy-Schwartz inequality in a similar fashion to the way in which it was used in the proof of Theorem 1, together with the equality
the McCelland inequality is easily recovered, and it is immediately seen that equality holds if and only if G = n/2 K 2 . Moreover, since F 2m/n = √ 2mn holds for the function F defined in the proof of Theorem 1, and, as stated in the proof, since F decreases on the interval 2m/n < x ≤ √ 2m, it follows from Inequality (3) that
must hold, so that Inequality (2) is an improvement on the McCelland bound. Also, considering the function F once more, we see that equality holds in (4) if and only if 2m = n and G = n/2 K 2 .
In Theorem 1 we considered only the case 2m ≥ n; we now look at what happens when this inequality is reversed: Theorem 2. If 2m ≤ n and G is a graph on n vertices with m edges, then the inequality
holds. Moreover, equality holds in (5) if and only if G is disjoint union of edges and isolated vertices.
Proof. Since 2m ≤ n, it follows that G must have at least n − 2m isolated vertices. Consider the graph G that is obtained from G by removing n − 2m isolated vertices. Then G has 2m vertices and m edges. Thus we may apply Theorem 1 to immediately see that E G ≤ 2m must hold, with equality holding if and only if G is the disjoint union of edges. The proof of the theorem now immediately follows.
Note that since a graph G on n vertices has at most n n − 1 /2 edges it follows from McCelland's bound that the inequality E G ≤ n n − 1 must hold. We now see that Inequality (2) allows us to improve on this bound, and in the process yield the main result of this paper:
holds, with equality holding if and only if G is a strongly regular graph with parameters n n + √ n /2 n + 2 √ n /4 n + 2 √ n /4 .
Proof.
Suppose that G is a graph with n vertices and m edges. If 2m ≥ n, then using routine calculus, it is seen that the left hand side of Inequality (2)-considered as a function of m-is maximized when
holds. Inequality (6) now follows by substituting this value of m into (2). Moreover, it follows by Theorem 1 and (1) that equality holds in (6) if and only if G is a strongly regular graph with parameters n n + √ n /2 n + 2 √ n /4 n + 2 √ n /4 . If 2m ≤ n, then by Theorem 3, E G ≤ n. The proof of the theorem now follows immediately.
Remark 2. The graphs for which equality is attained in Theorem 3 are strongly regular with parameter µ = r r + 1 , and are therefore strongly regular graphs of negative Latin square type.
Using Theorem 3, we now provide an infinite family of maximal energy graphs that arises from the theory of semipartial geometries [5] . For each m ≥ 1, there exists a semipartial geometry with parameters
(see [5; p. 456; 10] ). The point graph of this geometry is a strongly regular graph with parameters 4τ 2 τ − 1 2τ + 1 τ − 2 τ + 1 τ τ − 1 where τ = 2 m+1 ; see [5, p. 449] . The complement of this graph is also strongly regular with parameters 4τ 2 τ 2τ + 1 τ τ + 1 τ τ + 1 . Thus by Theorem 3, these graphs form an infinite sequence of graphs for which Inequality (6) is sharp.
In conclusion, note that the bounds given in this paper can be clearly considered for special classes of graphs such as bipartite graphs; more details on this will appear elsewhere. Also, for given > 0 we suspect that for almost all n ≥ 1 there exists a graph G on n vertices for which E G ≥ 1 − n/2 1 + √ n .
